MATH 222  (Lectures 1,2,4)  Worksheet 2  Solutions

Please inform your TA if you find any errors in the solutions.

1. Compute {zIn(z)dz.

Solution:

fxln(x)dwzfli@/&%

2 2
1
= % ln(x)—J % —dx

G(x) F(x)dx

= fx ln 1fa:dx
2

2. Compute {arctan(z)dz.

Solution:

Jarctan(x)dm = farctan(a:) dx
—_—

F(x) G’(x)dx

1
= _x arctan(x)— x
— —— 1+ x2
G(x) F(x) Gx) ——~—

1
= g arctan(z) — §ln|1 + 2%+ C

3. Compute §cos?(z) sin?(z)dz.

Solution:

Jcos?(x) sin?(z)dx = f (cos(z) sin(x))? da

:J<;sin(2x)>2daz
= 3 f sin?(2x)dx

1
=3 j 1 — cos(4x)dzx

1 1
=3%" 35 sin(4x) + C



4. Compute {sin®(z)dz.

Solution:
f sin®(z)dx = f sin?(z) sin(z)dx
_ f (sin2(2))? sin(z)dz
- f (1 — cos®(x))” sin(z)dx u = cos(z) du = — sin(z)dz
o R

:—f1—2u2+u4du

2 1
=—u+§u3—gu5+0
2 3 L 5
= —cos(x) + 3 cos () — 5 €O () +C

J cos(z)dx and J 22 cos(z)dz.

(b) Use the identity
jw” cos(x)dz = 2" sin(x) + nz" "' cos(z) — n(n — 1) J:U”_2 cos(z)dx

and part (a.) to compute {7 2* cos(z)da.
(c) Show that

Jx" cos(z)dx = 2" sin(z) + na™" ' cos(z) — n(n — 1) Jx“_Q cos(z)dx.

Hint: the steps are very similar to the steps used to compute {7 2% cos(z)dz in (a.).

Solution:

(a) The first integral is Sg cos(z)dx = Sin(g;)|$=7r _

»—o = 0. For the second, we use integra-



tion by parts:

f 22 cos(z)dr = x? sin(x) ‘ﬂ - f 2z sin(x) dz
0 " —— —~—"— 0 TV ——
Fx)  ¢/(2)dx Fz)  G(x) Fl(z)  G(x)

=0-2 x  sin(x)dx
M~ e
f(=) g'(z)dx

= -2 x -(—cos(x))’g— 1 (—cos(x))dx
f(@) 9(=) (@) 9(=)

us
= —27 — QJ cos(z)dx = =27
0

(b) The identity says that

J z* cos(z)dx = [2* sin(x) + 42® cos(x)]zzg —4-3- J 2% cos(z)dx
0 S -~ 0
—473 —on

= 241 — 473
(c) Asin part (a.), we integrate by parts twice to obtain this result: first we see that
2" cos(x)dx = 2" -sin(z)— an”_l -sin(x) dx
~—— ~—— ~——

F@)  G/(x)dx F)  Ga) F(x)  G(a)

so we need to compute { 2" ! sin(z)dz, which we can do with another integration
by parts:

2" ! sin(z)dr = 2"t - S— cos(zx)) — f (n—1)z"2. S_ cos(az)z dz

<

@) g()de f(@) g(z) (@) J'()

= 2" lcos(z) + (n—1) Jx"2 cos(x)dz.
Plugging this in, we see that
fa?" cos(z)dx = z" sin(z) — n J 2" Lsin(x
= z"sin(x) — n ( 2" Leos(x) + (n—1) an_Q cos(x)dac)

= 2" sin(z) + na" ! cos(x) — n(n — 1)J "2 cos(z)dz.



